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ABSTRACT

The design of the bronchia tree has been largely proposed as amode of optimal
design from a physica-functiond perspective. However, the digtributive function of the
arway may be more related with a geometrica than aphysica problem. The bronchid
tree must digribute athree dimensiona volume of inspired air on a two dimensond
adveolar surface, included in an limited volume. In thisway, it isvadid to ask whether
an optima bronchid tree from a physical perspective, isdso optimum from a
geometricd point of view.

In this paper we generate a Smple geometric mode for the branching pattern of
the bronchia tree, deducing relationships that permit to estimate the departuresfrom
the geometrical optimum of each bifurcation. We aso, for comparative purpose,
esimate the departures from the physical optimum. From the geometrical assumptions:

i) asymmetricd dichotomic fractd design, i) with minimum volume and iii) maximum
disperson of the termina points, and severa Smulations we suggest thet the optimality
is characterized by a bifurcation angle g » 60° and alength reduction sce g = (1/2)Y3=
0.7937. We propose distances from the physical and geometrical optimality defined as
Euclidean distances from the expected optima. We show how the advanced
relationships and the distances can be used to estimate departures from the optimality in
bronchographs of four species. We found, lower physical and geometrica departuresin
the distal zone than those of the proxima zones. We aso found lower physical than

geometrical departures from the optimdity.
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1. INTRODUCTION

Anima species show agreet divergty in their sructura design as a consequence
of their adgptation to different life conditions. But, isthis structurd design optimized in
any sense? Answer to this question is actually controversid and object of a great debate
(Duddley and Gans 1991, Garland 1998, Weibd, et d. 1998, Baciga upe and Bozinovic
2002). One example of economica design is the fine structure of bones, quditative and
quantitatively adjusted to the mechanical strengths that it supports (Weibel et d. 1998,
Dullemeijer 1998). Ancther example isthe variation of the arterid branching,
minimizing the blood mass, the energy of trangport and the flow resistance (Zamir 1976,
1978, 1986, Zamir and Bigelow 1984, Weibdl et a. 1998).

One hypothesis that includes the economica design isthe symmorphoss. That,
in its essentia agpect suggests that whether the matching structure-design (regulated
morphogeness) is combined with the strict economy of mass and energy, then this
implies that the design of biologica structures must tend to be optimized for the
specific function they serve (Weibel et a. 19913, 1991b). However, this proposition
raises consderable criticism (Alexander 1995, 1998,Gordon 1998, Garland 1998). From
afunctiond perspective, there are severa optimization criteria which could account for
the design, for example, maximd functiond capacity, minimum cogts of mass and
energy, minimum entropy production, maximum space filling, etc. Moreover, these
criteria could conduct to different optima designs, where the privilege in one aspect
could determine trade off in the others.

The arway, including the respiratory bronchiole and the dveoli, has two basic

functions: 1) adigributive function whereby the system reaches out physicaly every
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part of the dveolar surface contained in alimited volume, and i) a gas exchange
function whereby the system brings down the velocity of the air flow to aleve
aufficiently low to permit gas exchange. The design of the bronchid tree has been

largely proposed as amodd of optima design from a physica-functiona perspective,
and associated to an adequate air flow to the alveoli (Rhorer 1915), minimum work
(Murray 1926), minimum entropy production (Weibel and Gomez, 1962; Wilson, 1967)
and minimum costs of mass and energy (Weibel et d., 1991a, 1991b, 1998).

However, the digtributive function of the airway could be more rdated with a
geometrica than aphysica problem. The bronchiad tree must digtribute a three
dimensond volume of ingpired air on atwo dimensond aveolar surface, included ina
limited volume (Mc Namee 1991). In thisway isvdid to ask whether an optimal
bronchid tree from a physical perspective is aso optimum from ageometrica point of
view. Moreover, if the geometricd and physicd optima design were different, animas
living in different environmenta conditions could privilege one or other optima design,
depending on the life style requirements.

Severd authors have studied the bronchia tree and other pulmonary structures
showing their fractal geometry (Rigaut 1984, Mandelbrot 1982, Glenny and Robertson
1990, Horsfield 1990, Nelson et a. 1990, Canals et al. 1998, 2000). West et al. (1986)
showed a decrease of the airway diameter modulated by a function that introduces
harmonic fluctuations in the scale of diameter decrease, different to the exponentia
decrease (one scale) expected from minimum entropy criteria. This modd predicts
adequatdly the airway diameter over twenty generations in man, dogs, rats and hamsters
(West et d. 1986, Nelson et al. 1990). However Horsfield (1990) shows that the result

of West et d. (1986) could be by one way a consequence of the asymmetry of the
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bronchid tree (see dso Cands et d. 2002a) and by other way a consequence of the
numerica order (generations) used by West et a.(1986).

Recent results from the physicd optimdity of the airway of rabbits, sudied with
Zamir’'smodd (Zamir 1978, Zamir and Bigelow 1984), suggest a gradud approach to
the physica optimum from proximal to distal regions (decreasing diameters). These
results can be explained by a transition from a centrd digtributive zone, to a physica
domain aong the generations of the airway (Cands et a. 2002b). The proxima
branching process could be dominated by higher flow ve ocities with turbulent or
trangtiond flow and the necessity to increase the branchesto fill a pace (geometrical
problem). In the distdl zone, the dominant principles gradualy change from avolume
and pumping power problem in the conductive zone, to a drag and surface problem in
the respiratory zone, where diffusion is relevant.

Then, to explore the optimdity of the airway is at least necessary to consder the
geometrical and physica perspective. Thisis possible generating structura model's of
the branching ductd systems useful for studying the correation between structure and

function (Horsfield et al. 1971, Kitaoka et a. 1999).

In this paper we generate a simple and exclusively geometric pattern for the branching
distribution of the bronchial tree, deducing useful relationships that permit to estimate the departures from
the geometrical optimum of each bifurcation. We also, for comparative purpose, estimate the departures
from aphysical optimum. We use X-ray images of the bronchial tree of two individuals of four speciesto

show how the pattern can be used.
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2. THEORETICAL ANALYSS

We consder abronchid tree as having an standard geometry if it satisfies
amultaneoudy the following three conditions:

i) it isasymmetric fractd dichotomic tree,

i) it fillsavolume as smd| as possble (minimum enveloping volume), and

iii) it digtributes their termind points (or branches) filling uniformly the

gpace (minimum aggregation or maxima disperson).

Asin saverd conduction systems, we expect a dichotomic fractd like designin
the bronchia tree. We impose the symmetry condition because dthough most of the
mamma airway show a consderable and variable asymmetry, we need the symmetry as
areference fix point, for comparative purposes. The asymmetry is variable among
different bifurcation, individuas and species, so we did not impose apriori anything
particular degree of asymmetry to our geometric standard.

The second condition incorporates explicitly the space congtraint, and the third
condition, the digtributive function of the airway.

21 ANALYTICAL APPROACH

Dichotomic fractal tree

Congdering previous reasoning from Mandelbrot (1982) and West et d. (1997),
we congder aparent branch of a“k” generation with alength I originating two
daughter branches with length lk+1 (dichotomy) but scaled by a constant factor g:

e+ =l @ [1]

Until the generation k, adichotomic tree has Ny = 2% terminal branches (k =0

represents the trached). If each termind branch were continued by one dvedlar sac, a
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sphere of “u” radius, the totd aveolar volume until this generation, Vi , can be
expressed as.
Vi=4/3- p- v Ng [2]
For larger number of branches, this estimate does not depend significantly on k,
then thisfracta structure can be characterized by the preservation of the volume from
one generation to the next:
Vi1 = Vi [3].
Congderingu =c- I with c as a constant, and replacing this expressionin eg. (3),
acongtant ratio, “g’ , between the length of the daughters and the parenta bronchi is
obtained:
lea/l = (U2)Y2 = g=0.7937 [4].
Minimum Circumscribed Volume.
Consdering adichotomic fractd tree, we can see that the end points are crowded
whether the bifurcation angle is smadl and dispersed whether the bifurcation angle is
large. Thisistrue, independent on the number of branches.
If we consider only one bifurcation (unitary bifurcation), it is easy to see that the
area (A) of the triangle circumscribing the three termind pointsis
A=(k+g lkcosa)- g lkgna [5]
This relationship, for g = (1/2)® hasamaximum vauein a = 62.67°.
A fractal tree is composed by a set of scaled unitary bifurcations connected from
one generation to another and rotated in avariable angle, generating a volumetric
gructure. Thus, the area of the triangle circumscribing the tips of thefirgt bifurcation

determines, in aplane, thetotd areaof afracta tree, but the volumeis generated at
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random by rotation of each bifurcation. Then, we expect that the tota enveloping
volume of the structure (Ve) follows asmilar figure thet an unitary bifurcation:
Ve= (I + gcosa)gsna (6],
with amaximum vauein the same angle.

Maximal dispersion.

The bronchid tree must digtributes their termind points (or branches) filling
uniformly the space. Thisis associated to an adequate disperson of their termind
points. From the observation that small angles conduct to low distances between two
termind points and crowding of the end points and large angles conduct to high
distances and dispersion of the end points, we can propose that the distance is directly
related to the digperson.

On the other hand crowded distributions have higher variance-mean coefficients
(V/M) and uniform (regular) distribution of pointsin the space is characterized by a
minimum variance-mean coefficients (V/M) (see Kitaokaet d., 1999 for some smilar
reasoning). Then the variance-mean coefficient would decrease with the increasing end
point distance.

Considering one side of the unitary bifurcation, the distance between two
termind points (digperson) follows:
d=gsgna, [7]
and has aminimum vaue of 0 and maximum vadue of 1 (when a = 90° and g = 1), then
with a appropriate re-scaling, we can expect that the variance mean coefficient varies
from ardative maximum (1) to ardative minimum (0) following:

VIMe= (1- gira), 18] (Fig. 1).
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Cost function

As each function has been defined in rdative terms to the same maximum (=1),
we can now define acod function as C (a) = max{ Ve, V/IMe}. Thisfunctionis
minimized in the intersection of the curvesVeand VIMea a = 27.79° or q=2- 27.79 =
55.58° (Fig. 1).

Then, from our smple andytica gpproach, we can expect a geometrica
bifurcation pattern characterized by a scaling factor g = 0.7937 and bifurcation angleq =

Z2a =55.58°.

2.2 SIMULATION APPROACH
M odel
We studied the effect of the bifurcation angle on both, the enveloping bronchid
tree volume and the variance/mean coefficient. We made a smulation program in
BASIC language. The program conssted in the generation of two branches (dichotomy)
from each parenta branch. The daughter branches were scaed by afactor g= 0.7937
(fractd), following the previous anaytica approach:
I(i+1) =g (i) [9].
The branches originated from the junction describe an angle q = 2a (symmetry).
The bifurcation plane (the plane formed by the two daughter branches) was rotted with a
random angle d characterized by an homogeneous distribution ranging between 0 and

180°, generating athree dimensiond dructure. Starting from a standardized initia
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bronchi (“trached’) of “lo” length, the generation law for the angles with the horizonta

axis(j ) and for the two termind points from the junction point was.

j (i+1) =j (i) x a, (+ for the superior branch and — for the inferior branch)  [10]

x(i+1) =x() + I(i)ood]j (i+1)] + dx [11]
y(i+1) =y(@i) H()sn[j (i+1)] = dy [12]
2(i+1) = z(i) % I()snasnd [13],

where, dx and dy were the deviationsin the x and y coordinates generated for the
rotation of the bifurcation plane:
dx = I(i)gna cosdan(j (i)] [14]
dy =I(i)sina cosdcogj (i)] [15].
The program determinates the maximum vaues for the coordinates (x,y,2)
calculating the volume of the cube enveloping the bronchid tree (Smulated enveloping
volume: Vs). Also, the program generates a 3-D grid of 8° cdls, determining the
variance/ mean coefficient of the number of termind pointsin the cdls (V/Ms).
Twenty smulations were performed for each one, from 4 to 20 generations, varying a
from 1to 90 °.
Results
The smulations showed images whose resemblance with red bronchid trees
depends on the bifurcation angle (Fig. 2). The termind tips were crowded in asmdl
volume for smadl angles, but were dispersed and unorganized in a greet volume for greet

angles.
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The enveloping volume of the bronchid tree followed a curve that fully adjust
to the expected curve from the andytica approach (Fig. 3). We performed a quadratic
regresson andysistha yidds

Vs=-0.197 + 0.035277 a - 0.000274a? (r = 0.99066, R* =0.981).

Aswe expected to find, the V/Ms coefficient decrease as a increase (Fig. 3).
Consderingu =sn a we performed alinear regresson that yields

V/IMs = 1.147 - 0.974sina ( F = 644.9, p<<0.01, r = 0.91, R? = 0.83),
gmilar to the expected, V/IMe = 1 - 0.7939na, from the analytica gpproach.

The two curvesintersected at a = 31.35° (Fig. 3). Thisangleis dightly higher
than the expected a = 27.79° . Therefore, we think that a good and useful estimation of
the bifurcation angleisa » 30° (or q = 2a » 60°).

3. MODEL APPLICATION

Material and methods

To study the usefulness and vdidity of the geometric modd prediction we
andyzed bronchographs of two individuasin four species: rabhit (Oryctolagus
cuniculus), rodents (Rattus norvegicus and Abrothrix olivaceus) and the bat (Tadarida
brasiliensis). Twelve generations of bronchi were contrasted. We andyzed six or seven
junction pointsin each bronchograph, in which the diameter, length and bifurcation
angle (g = 2a) were eadly vigble. About three or four dista and proxima bifurcation
were selected for the analyss. We congdered a point as digtd if the relative Horsfield
order of the thinnest bifurcation branch was lower than three, and as proximd if its
order was higher than four. The diameter, length and bifurcation angles of the parent

and daughter branches of each bifurcation were measured in adigitalized image. The
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length and diameter ratio (g and gq) were estimated by dividing the average diameter
and length of the daughter branches by that of the parent branch. Also, a diameter and
length ratio (D, and L) between the daughter branches were computed considering
adways the lower vaue in the numerator of theratio (so Dy and L, £ 1).

From the geometrica perspective of our modd we could expect to find g » 60°
and g = 0.7937. However, from aphysica perspective, in asymmetric bifurcation with
laminer flow aq = 74.934° (=2- 37.4673) and agy = 0.7937 can be expected on basis of
aminimum energy loss and minimum volume and pumping power principles (Kamiya
et d., 1974; Zamir, 1978; Zamir and Bigelow, 1984).

Considering these, we can build estimators of the physical and geometrica
distances to the expected optima for each bifurcation in the following way: i) we define
acoordinate Z as
Z=D [16]
for aphysicd domain and
Z=L [17]
for ageometricd domain (D, and L, estimating the symmetry of the bifurcation), and
i) we defined two coordinates X and Y as
X=gn(@2 ad¥Y=g [18]
for aphyscd domain;
X=gn(@?2)adyY =g [19]
for ageometrica domain.

Wenotethat X, Y andZ £ 1.
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Then from our geometrical mode we can expect an optimum point (Xo,Y 0,Z0)
=(sn30° 0.7937, 1) = (0.5, 0.7937 ,1) and from the physica perspective an optimum
point (X0,Y0,20) = (sin 37.467°, 0.7937 , 1) = (0.6083, 0.7937, 1).

WedefinedX = X —Xo0, dY =Y-Yo0 and dZ = Z-Zo and the geometricd (Gg) and
physical distances (Pg) as Eudlidean distancesin each domain: ¢J(dX)?+(dY)?+(dz)?].

Results

When andyzed as a hole, the length ratio (g = 0.757+0.037) and diameter
ratio(gy = 0.778+0.014) were not different from the expected vaue (= 0.7937) (p > 0.05
in at-Student test), but the bifurcation angle (g = 66.54 + 3.05°) isjust between the
geometrical optimum (g = 60°) and the physical optimum (g = 74.934°) (t47 = 2.03 and
t47 =-2.60, p>0.05). A more fine anadysis (factoridl ANOV A) showed that there were
not effect of the zone (proxima or distal) on gy, amargind effect of the zone on g (F1 47
= 3.62, p = 0.064) varying from g =0.68 £ 0.063 in the proxima zoneto g= 0.826 +
0.046 in the distal zone (Table 1). Only the rabbit showed a different gy vaue (F 3.47 =
18.59 p < 0.05 for species effect, and significant difference in a Tukey test). However,
the bifurcation angle showed no differences among the species, but clear differences
between proximad (q = 57.22+4.67°) and distal (q = 74.42 + 3.87°) zones (F1,47 = 7.52, p
<0.01). Thefirst vaue near the geometrica optimum (g = 60°) and the last vaue fully
adjusting to the optimum expected from aphysica criteria (g = 74.934°).

The symmetry ratios L, and D; (0.809 £0.309 and 0.779 £ 0.251) although
datigticaly different from the expected 1 (p < 0.05) were similar and not excessive

different from the unity ranging both variables gpproximately from 0.3 to 1.
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Consdering the distance as the response variable, and the criteria (geometric or
physic), species, individuas and generation (proximd or distd) as variaion sourcesin a
fectorid ANOVA, we found differences among criteria (F1 47 =4.78, p<0.05), species
(F3,47 =2.91, p < 0.05) and generation (F1 47 = 29.1, p << 0.01), but not between the
individuas of each species (p <0.05). When considered each criteria separatdly, for the
geometrica distances we found differences among species (Fs 47 = 3.73, p < 0.05) and
between generations (F1 47= 8.0, p < 0.01). For the physical distance, we found
differences between generations (F1 47 = 36.6, p <<0.01) and interaction between
generation and species (Table 2, Figures 4 and 5). The more relevant results are those,
with only one exception, for dl speciesthe physica distance (0.37 + 0.02 (" X + 1SE))
islower than the geometrica distance (0.439 = 0.03) , and that both, the geometrical
and physical distance are lower in the dista zone (0.33 + 0.02) than that in the proximal

zone (0.49 £ 0.03) (Figures 6 and 7).
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4. DISCUSSION

The standard pattern generated in thiswork is restricted exclusively to the
geometry of the branching pattern and in this senseis unredidtic, but it isafixed and
idealized standard pattern as counterpart of the other physically optimized modds
(Kamiyaet d. 1974, Kitaota et d. 1999), yielding useful relationships to study the
departures from ageometricd optimaity. The anaytica gpproach isvery smple and
predicts adequately the optimum bifurcation angle, when compared with the
amulations. Smulations generated plausible images of the bronchid tree in the range of
the predicted optimum angle. These also show that if the bifurcation angle is smdl the
enveloping volume of the bronchid treeis smdl, but the termina branches are very
crowded. In contrast, when the bifurcation angle is high the termina branchesfill the
space better, but its enveloping volume aso increases. In other words, as predicted by
the andytica gpproach and confirmed by smulations, lower cogsin the spatia
digtribution determine higher costs in volume and higher cogisin the spatid distribution
determine just the oppodte in the volume.

The expected hifurcation angle q = 60 ° is different to the average q of the
species of this study, but is very close to the average in the proxima zone (q =
57.22+4.67°). Also, bifurcation angles of about 60° are usually found in the proximal
zone of the bronchia tree of rabbits, rats and humans (Canals et d., 2002a; 2002b;
Weibdl, 1963; Thurlbeck and Horsfield,1980). The expected g isacommon result of the
modeling of dichotomic fracta trees constrained to the volume preservation

(Mandelbrot, 1982; Wets et d., 1997). It isvery interesting that the expected g from the



Candsetd., 16

analytica gpproach, isequd to the expected gy (diameter ratio) from aphysca
completely independent andysis. These are two approaches to expect a unique scae of
Sze decrease in the bronchia design. Thisisin agreement with most morphometric
sudies that have reveded a positive correation between diameter and length of a
branch (Horsfield and Cumming, 1968; Kitaota and Suki, 1997; Weibd, 1963) and with
acondant length to diameter ratio (Kitaota et a.,1999).

The bronchid tree of the species showed asymmetry ranging between 0.3 and 1
for Ly and Dy. These are evident in the dz axis of both, the physical and geometrica
domain, and that was an expected result. Severa previous reports reved the asymmetry
of the bronchid tree (Horsfield, 1990; Maina and van Gils, 2001; Ramchandani et d.,
2001) and other reports showed that asymmetric flow distribution occursevenin a
symmetric structure (Andrade et a., 1998). This asymmetry factor fortunately was
smilar and with smilar didribution for both L and D so, the contribution to the
geometricd and physica digtanceisdso smilar. Thisimpliesthat in our distance
estimators there were not distortions introduced for the asymmetries. Also the average
vaues (» 0.8) dthough gatigticdly different from 1, are not very different from the
unity and it does not invadidate our geometricdly symmetricd pattern and neither other
physica symmetricd modds.

The results in our species showed that the bifurcation angle increases from the
proxima to distal zone, gpproaching in the proxima zone to the geometrica optimum,
and inthe digtd zone to the physica optimum. On the other hand, the scales of length

and diameter reduction (g and gy) agree with the expected from the physica and
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geometrica criteria. Only the length ratio varies lightly, increasing from proximd to
dista zone.

When we study the geometricd and physical distances we can see that both
distances decrease from proxima to dista zones, the physica distance mainly by the
increase of the bifurcation angle and the geometricad distance by fine adjustsin their
length ratio. In that distal zone both, geometrica and physica distances are smdll, but
the physicd distance is dways lower, the first ranging from 0.282 to 0.452, and the
latter from 0.249 to 0.332. Thisisin agreement with previous resultsin ratsthat show a
gradua approach to the physica optimum with the decrease of the bronchid diameter
from proximd to distal zone (Canas et d., 2002b). The proxima branching process
could be dominated by higher flow velocities associated to high breething rate, implying
high Reynolds number, and then as a consequence lower optimum angles, as expected
in turbulent flow from the Kamiyaet d. (1974) rdationship . The exponent “n” in the
Murray’s law (1926) for turbulent or transitiond air flow (<2.7), and as a consequence
the optimum angle can be lower than the expected for laminar flow (74.9°), for
example q=66.7 forn= 2.7 and q = 50.1 for n= 2.33. If there were high bifurcation
angles (q » 60) in the proxima zone even in afully symmetric tree with more than three
generdions, the flow digtribution becomes significantly heterogeneous at increased
Reynolds number (Andrade et a., 1998). Furthermore, the proximal branching process
is more asymmetric and could be dominated by the necessity to increase the branchesto
fill agpace. In the dista zone, the dominant principles gradudly change from avolume
and pumping power problem in the conductive zone, to adrag and surface problemin

the respiratory zone where convection and diffusion are relevant.



Candsetd., 18

In summary, our proposed smple geometrica pattern for the branching
digtribution of the bronchid tree, agree with severa theoretical expected vaues and
with empirical observations. Also, it proposes ageometrica counterpart to physical
optima modds and it yieds useful relationships that can be used to estimate the
departures from the optimality of observed bronchid trees. Their usefulnessis mainly
for comparative studies looking for differences in the gpproaching to different

optimdlities depending of life style, environmenta conditions or evolutive relationships.
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Table 1.- Bifurcaion angle (), length ratio (g) and diameter ratio (gy) of

the bronchia tree of four species.

Species Zone q g Oy
Oryctolagus Proxima 61.10 0.842 0.974
Cuniculus Digta 79.66 0.818 0.911
Rattus Proximal 48.84 0.757 0.723
Norvegicus Digtd 75.04 0.818 0.745
Abrothrix Proximal 58.85 0.649 0.640
Olivaceus Digta 78.71 0.832 0.716
Tadarida Proximad 61.00 0.407 0.700
Brasiliensis Digta 60.03 0.841 0.736
Average (£Sd) 66.54+3.05 0.758+0.037 0.778 £0.013
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Table 2.- Average Geomericd (Gyg) and Physicd (Py) distances from the expected
vaues in proxima and digd zones of the bronchid tree of Rabbits (Oryctolagus
cuniculus) (Oc), two rodents (Rattus norvegicus (Rn) and Abrothrix olivaceus (Ao)) and

the bat Tadarida brasiliensis (Th).

Gy Py
Oc Rn Ao Tb Oc Rn Ao Tb
Proximal | 0.324 | 0.586 | 0.573 | 0.638 | 0.479 | 0593 | 0.467 | 0.329
Distal 0.282 | 0452 | 0377 | 0.374 | 0.295 | 0.266 | 0.249 | 0.332
Average | 0.300 | 0514 | 0466 | 0506 | 0.374 | 0.417 | 0.348 | 0.330
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Figurelegends

Figure 1.- Vaiaions of the expected circumscribed volume (Ve) and the expected
variance mean coefficient (V/Me) with the medium bifurcation angle @ = ¢/2) from the
andyticd gpproach. The cogt function C@@) = max {VeV/Me} is minimized in the
intersection of both curvesat a = 27.79°

Figure 2.- Vaiations of the branching patern with the medium angle (a = @g/2) from
the amulations (Egs. 9 to 15).

Figure 3.- Vaidions of the computed enveloping volume (Vs) and variance mean
coefficient (V/Ms) with the medium angle @ = ¢/2) from twenty smulaions for twelve
generations of bronchi. The fill cirdes are the observed variance mean coefficients with
their standard deviations. The empty circles and the lines are the predicted vaues from
the regresson. Thetwo curvesintersectsat a = 31.35°.

Figure 4.- Geometric distance from the expected optimum of the air way in four species.
the rabbit (Oryctolagus cuniculus) (Oc), two rodents (Rattus norvegicus (Rn) and
Abrothrix olivaceus (Ao)) and the bat Tadarida brasiliensis (Th).

Figure 5.- Phydcd digance from the expected optimum of the air way in four species.
the rabbit (Oryctolagus cuniculus) (Oc), two rodents (Rattus norvegicus (Rn) and
Abrothrix olivaceus (Ao)) and the bat Tadarida brasiliensis (Th).

Figure 6. Depatures from the geometricd optimdity in the rabbit Oryctolagus
cuniculus, two rodents Rattus norvegicus and Abrothrix olivaceus and the bat Tadarida

bradliensis.
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Figure 7.- Departures from the physcd optimdity in the rabbit Oryctolagus cuniculus,
two rodents Rattus norvegicus and Abrothrix olivaceus and the bat Tadarida

brasiliensis.



V/Me and Ve

Canadsetd., 29

20

— Ve
— - VI/IMe

27.79

40




Candsetd., 30




Vs and V/Ms

Candsetd., 31

1 - °
°
O T T T T
0 20 31.35 40 60 80
® Observed a
O  Expected




Geometric distance

Candsetd., 32

Geometric Domain

0.8

0.7

0.6

0.5 +

0.4 +

0.3

0.2 +

0.1

Oc Rn Ao Tb

® Proximal

O Distal

Species




Physical distance

Physical domain

Candsetd., 33

0.7

0.6

0.5 +

0.4 +

0.3 4

0.2 -

0.1

Oc

® Proximal

O Distal

Rn Ao

Species

Tb




Candsetd., 34

Geometric domain

Oryctolagus cuniculus Proximal
Oryctolagus cuniculus Distal
Rattus norvegicus Proximal
Rattus norvegicus Distal
Abrothrix olivaceus Proximal
Abrothrix olivaceus Distal
Tadarida brasiliensis Proximal
Tadarida brasiliensis Distal

SCeomJd 400




Candsetd., 35

Physical Domain

Oryctolagus cuniculus Proximal
Oryctolagus cuniculus Distal
Rattus norvegicus Proximal
Rattus norvegicus distal
Abrothrix olivaceus Proximal
Abrothrix olivaceus Distal
Tadarida brasiliensis Proximal
Tadarida brasiliensis Distal

SCeomJd 400




